S185. Let Ay, A, A3 be non-collinear points on parabola 22 = 4py, p > 0, and let By = laNl3, By = I3Nl;, By =
[A1 Az A3]

[1Nlo where I3, 12, I3 are tangents to the parabola at points Ay, Ao, A3, respectively. Prove that m
1D253

is a constant and find its value.

Proposed by Arkady Alt, San Jose, California, USA

First solution by Fvangelos Mouroukos, Agrinio, Greece

Let (z1,y1), (2,y2) and (z3,ys3) denote the coordinates of the points Aj, Ay and As respectively. The
equations of the lines ¢1, ¢y and /3 are

01 wxy = 2p(y + y1),

fz X,y = 2p(y + y2),
l3 : xxy = 2p(y + y3).
Solving the system of 5 and ¢3, we find that the point By has coordinates

<2p(y3 —Y2) T2y3 — $3y2>

r3— Ty | X3 — X9
2 .2 _ 2 2
Since yg—ygzx?’ xzz(x‘g 72) (23 + 2) and ;Bgyg—asgygzw,we find that
4p 4p 4p
B, (22 +m3’x2m3>
and similarly
By (:1:3+J:17 333:51>
Bs (961—1—562 1171562>.
We compute the area of triangle A; AsAs:
1 oy1 1
1 1| xo—=x —
[A1A2A3]=§| T2 Y2 1 \=§’ :cj—a:i Zj_zi | =
xo y2 1
- (o — x1) (22 + 1)
Lt ip L L bl [
(x3 —x1) (x3 4+ 1) 8p 2 1353 Ul T3 + 11
r3 — I 4
P
| (22— 21) (@5 — 21) (w3 — 22) |
= —|(x2 —x1) (3 — 21) (x5 — T2) |.
% 2 1) (x3 1) (x3 2

A similar calculation yields

To + T3 Tox3

— 1
2 4
1 T3+ 21 1‘3]‘7331 1 T2+ T3 203 1
[B1B2 B3| = 5' 5 1 | = T6p — || @3+ x1 w3z 1 ||=
r1+ 20 T1X2 ) r1+xe2 rT1w2 1
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To + T3 T3 1 To+x3 Towxsy 1

1 1
= Tom xo —xy w3(we —x1) O |:ﬁ(sc2—:c1)(a:1—x3) 1 zz 0 |]=
P x1 —x3 wo(xy —x3) O P 1 z9 0
1
= Top (2 — x1) (23 — 21) (23 — 2) |-
[A1 A2 As]
We conclude that | ————= =2
[B1B3Bs]

Second solution by Daniel Lasaosa, Universidad Publica de Navarra, Spain

€

Let 2; be the value of  for A; (i = 1,2,3). The slope of 2 = 4py at = x; is clearly 25 OF l; has

equation y = xi(sz—p_xi). It follows that B; has coordinates satisfying y = xZ(QZp_mz) = m‘”’(QZP_M), or
2x(xeg — x3) = (v2 + x3)(x2 — w3). Since w9 # x3 (otherwise Ay = A3), it follows that = = “ng and

Y= % for By, and similarly by cyclic permutation for By, Bs.

) for ¢ = 2,3, it follows that

. . A i+
Using the vector product, and since A1 A; = (:EZ — 1, (z; — x1) & S L

4

|z1 — wa|z2 — 23|73 — 71|

Ay Ay As] =
[A1 A As] 5
Similarly, and since By B, = (17—1 %p“”) where {7, 7} = {2,3}, it also follows that
|x1 — wo||we — w3||Tg — 21|  [A142A43]
B1BsB3) = _ ,
[B1 B2 B3] T6p 5

The conclusion follows, the proposed ratio is always equal to 2.

Third solution by Ercole Suppa, Teramo, Italy
Let A; = (u, ﬁzﬂ), Ay = (v, ﬁﬁ), Az = (w, ﬁwz).

Ag

Observe that the equation of the tangent to the parabola z? = 4py at its point T (t, ﬁtz) is
L 2
2t(x —t) — 4p y—4—t =0 & 2tx —dpy —t= =0
P
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Therefore the equations of the lines ¢1, ¢5, {3 are:

0 2ux —Apy —u? =0
ly : vz —4py — 0P =0
0 2wz —4Apy —w? =0

After some algebra we get

v+w o vw u+w uw w+v uw
By = o By = — Ba= | —— ==
1 ( 2 74p>7 ’ < 2 ’4p)’ ’ ( 2 ’4p>
1.2
U U
1 4 1| (u—v)(u—w)(v—w
[A1 A A3l = —|det | v évQ 1 ||== ( ) )( )‘ *)
2 2 8 P
p
vtw  vw
1 2, b 1 |(uw—v)(u—w)(v—w)
BiByB3)| = = |det | %2 2w 1 [|=—= ‘ s
| =3 wiv 1 16 v (**)
2 4p
Finally, by using (¥),(**) we obtain {gigigﬂ = 2, establishing the result.

Also solved by Albert Stadler, Switzerland; Roberto Bosch Cabrera, Havana, Cuba; G.R.A.20 Problem
Solving Group, Roma, Italy; Daniel Campos Salas, Costa Rica.
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